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Abstract. The new definition of the energy dependence for the level density parameter including collective
effects depends strongly on the semi-classical approach. For this method, defining an accurate single-particle
potential is of great importance. The effect of the single-particle potential terms, which are central, spin-
orbit, harmonic oscillator, Woods-Saxon and Coulomb potential, both for spherical and deformed cases, on
the level density parameter was investigated by examining the local success of the global parameterizations
of eight different combinations of these terms. Among these combinations, the sum of the central, spin-
orbit, harmonic oscillator and Coulomb potentials, gives the most accurate predictions compared with
experimental data. The local selections of the global parameterizations show that the single-particle models,
which are based on Woods-Saxon potential as the main term, are more suitable candidates than the models
based on harmonic oscillator potential to extrapolate away far from stability. Also it can be concluded that
the contribution of the Coulomb interaction, both around the closed and open shells is not neglectable.
PACS. 21.10.Ma Level density – 21.10.Re Collective levels
1 Introduction
The number of the excited states in an infinitesimal amount
of energy around a certain excitation energy is called as
the nuclear level density (NLD). The NLD is of vital im-
portance for the theoretical studies of nuclear structure
and reactions. The excited levels of the nucleus are very
scarce at low excitation energy and can be countable eas-
ily, but with the increasing excitation energy, it is not
possible to count the levels since the spacing between con-
secutive levels becomes so narrow. Therefore, a function
is needed to describe the distribution of the excited levels,
which is very important for the Hauser-Feshbach calcula-
tions of the compound-nucleus cross sections.
To develop a theoretical framework for understanding
the unusual properties of the light exotic beams has been
of major interest during the last few decades [1]. Even
though very sophisticated nuclear reaction models [2,3,4,
5,6,7,8,9,10,11], which give accurate predictions in many
cases, have been developed, in the solution of this complex
problem, structural properties, such as the distribution of
their excited levels, arising from both pure single-particle
and collective excitations, should be also considered. Thus,
correct description of NLD containing these effects is also
required to explain the reaction data.
A Laplace-like formula for the level density parameter
including collective effects has been proposed in our recent
paper [12]. The new definition of the energy dependence
for the level density parameter significantly improved the
agreement between predicted and observed excited energy
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levels. Furthermore, the asymptotic level density param-
eter, a˜, is redescribed in a both more physical and more
realistic way. This redescription takes into account cor-
rections for both the shell and pairing effects in addition
to the value obtained from the semi-classical approxima-
tion analytically or numerically. Using the semi-classical
approximation [13] requires a well-defined single-particle
potential because it directly determines a˜, which is the
limit value of the level density parameter for the ener-
gies above the neutron separation energy. Therefore, the
single-particle potential almost remains the only compo-
nent to improve the success of the reaction calculations
that uses the level density as an ingredient. In other words,
the single-particle potential parameterization is still of
great importance for the level density.
In our previous work [12], we have performed the global
and the local calculations to obtain a˜. In global calcu-
lation, we used the single-particle potential consists of
harmonic oscillator, Coulomb and central potential terms
with global potential parameters. In contrast, the local
calculation considers the asymptotic level density param-
eter as a free parameter to be adjusted to the experimen-
tal data on the mean resonance spacing and discrete level
scheme for each nuclei separately. Although, as expected,
locally adjusted values of the asymptotic level density pa-
rameter provide much better agreement with the exper-
imental data as compared with the global parameteriza-
tion, disregarding of the global potential parameters is not
permissible, especially, for the nuclei near the driplines.
Since there is not enough experimental information on the
excited energy levels of these nuclei, this situation makes
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impossible to adjust the asymptotic level density param-
eter locally, and therefore, to rely on a global parameter-
ization becomes an obligation rather than a choice.
There are nearly 2000 nuclei, which have at least two
experimentally-known excited energy levels [14]. It seems
that the global potential which has the highest predictive
power is harmonic oscillator with Coulomb and central
terms for all these nuclei over the whole mass range [12].
However, various combinations of potential terms can be
more suitable in certain mass regions. Moreover, there can
be possible correlations between the potential choice and
some other properties of nuclei, not only their mass num-
ber. In this manner, it is worth to investigate that the be-
havior of the goodness-of-fit estimators, which results from
the global parameterizations of different single-particle po-
tentials, with respect to some fundamental properties as
well as the mass number of nuclei.
The aim of this paper is to investigate the role of
the single-particle potential in the predictive power of the
semi-classical level density model for eight different com-
binations of the potential terms by comparing the global
parameterizations to each other and also by analyzing the
local success of them. For this purpose, four different com-
binations are constructed on the basis of two main po-
tentials, which are harmonic oscillator and Woods-Saxon,
with and without Coulomb interaction combined with the
central and spin-orbit term for all combinations. In addi-
tion to these potentials, we constructed four more combi-
nation to investigate the effect of deformation with anisotropic
harmonic oscillator and deformedWoods-Saxon potentials
as main potential terms.
The present paper is organized as follows: In Section 2,
we briefly discuss the method used to obtain the asymp-
totic level density parameter a˜. Section 3 contains the defi-
nition of the goodness-of-fit estimators for phenomenolog-
ical level density models. Then, in Section 4, we present
the single-particle potentials, which we used in this work,
and discuss our results for 1136 nuclei in Section 5. Finally,
a summary of our model and some concluding remarks of
this paper are given in Section 6.
2 Theory
Many studies of the nuclear level density have been based
on the Fermi gas model [15] in which interactions between
nucleons are ignored. Therefore, nucleons are assumed to
occupy equispaced single-particle states arising from an
average nuclear potential. According to this model, one
can describe the level density at an excitation energy for
a certain total angular momentum J and parity Π
ρ(U, J,Π) =
1
2
2J + 1
2
√
2piσ3
exp
[
− (J +
1
2 )
2
2σ2
]
×
√
pi
12
exp
[
2
√
aU
]
a1/4U5/4
(1)
where the factor 12 corresponds equiparity. The remaining
ingredients a, U and σ2 represent the level density param-
eter, the effective excitation energy and the spin cut-off
parameter, respectively. For the Fermi gas model, the to-
tal level density is described by summing Eq. (1) over all
spins
ρtot(Ex) =
1√
2piσ
√
pi
12
exp[2
√
aU ]
a1/4U5/4
. (2)
The collective effects arising from the collective motion of
many nucleons were not taken into account in the Fermi
gas model. However, these effects play an important role
in populating of the excited states. In the later studies [16,
17], collective effects have been considered as vibrational
and rotational effects separately and included in the model
as additional enhancement factors to total level density.
In our recent work [12], we have introduced a Laplace-like
formula for the energy dependence of the level density pa-
rameter which spread the collective effects through the
whole level density calculation. The level density param-
eter a including collective effects is given by
a(U) = a˜
(
1 +Ac
Sn
U
exp(−|U − E0|/σ′3c)
σ′3c
)
. (3)
where Sn is the neutron separation energy. Ac is the col-
lective amplitude and defined as the shape dependent shell
(microscopic) correction energy at a critical temperature
Tc =
√
Sn/a˜, which is the nuclear temperature at Sn,
Ac = S(N,Z, Tc, Shape) (4)
= [Mexp −MLDM] τc
sinh τc
=
[
Mexp − (M0 + Eθ2)
] τc
sinh τc
,
where τc = 2pi
2Tc/~ω. MLDM is the calculated mass of
the deformed nucleus from the shape dependent liquid
drop model, where M0 is the mass of the corresponding
spherical nucleus. Thus,MLDM can be calculated from the
formula
MLDM =MNN+MHZ+EV +ES+EC± 11√
A
+Eθ2 (5)
of finite-range liquid-drop model [18]. The last term is due
to small deformations and related to both fissility and de-
formation parameters as E = (2/5)c2A
2/3(1−x)α20 where
α20 = 5(a/r0)
2A−2/3, θ = α/α0, α2 = (5/4pi)β2, and
x = EC/2ES . The values of the constants of the liquid
drop model are taken as in Ref. [19]. As mentioned above,
σ2c is the spin cut-off parameter and is given as
σ2c =
Tc
~2
0.4MR2
[
1 +
√
5pi
16
β2 +
45β22
28pi
+
15β2β4
7
√
5pi
]
(6)
for deformed nuclei [16]. Where c indicates to its value at
Tc, and σ′3c = σ3c/a˜ is the scale parameter for Laplace dis-
tribution, for further details see ref. [12]. E0 is the energy
of the first phonon level which corresponds to the first
excited state caused by vibrational effects [20,21]. This
energy level is also known as the first 2+ excitation state
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for even-even nuclei [21] and its energy can be given with a
simple formula 0.2~ω fitted to experimental 2+ states [22,
23]. Finally, a˜ is the asymptotic level density parameter,
which is crucial in the level density calculations and it is
defined in different forms by many authors. The simplest
expression of this parameter is given by [17,24]
a˜ =
A
k
(7)
or can be taken as the liquid drop like formula [25]
a˜ = avol
[
1 + kvol
(
N − Z
A
)2]
A+
asur
[
1 + ksur
(
N − Z
A
)2]
A2/3 + aCoulZ
2A−1/3. (8)
Another expression for this parameter, fitting to resonance
spacings and/or discrete levels, can be written as [26]
a˜ = αA+ βA2/3, (9)
where α and β are adjustable parameters.
Unlike the above expressions, we used a modified ex-
pression of the well-known semi-classical formula [27,28]
for the asymptotic level density parameter in terms of the
single-particle level density at Fermi energy of nucleus in-
cluding the shell and pairing corrections [12]
a˜ =
pi2
6
[gp(E
p
F + S(N,Z)−∆)+
gn(E
n
F + S(N,Z)−∆)]. (10)
S(N,Z) denotes the shell correction energy from the liquid
drop model [18]. The pairing correction energy is given by
∆ = n 12√
A
with n is −1 for odd-odd, 1 for even-even, 0
for odd nuclei. Therefore, including the energy shift ∆ to
the Fermi energy substitutes the usage of the expression
U = Ex −∆ and allows to use effective excitation energy
U instead of pure excitation energy Ex directly. gp and
gn are proton and neutron single particle level density,
respectively, and can be calculated from the semi-classical
formula with spin degeneracy [28,29]
g(ε) =
2
pi
(
2m
~2
)3/2 ∫
r2
√
ε− V (r) dr. (11)
m is the mass of a nucleon and V (r) is an effective po-
tential. The proton and neutron Fermi energy values EαF
can be obtained by inverting the integral, which gives the
nucleon number in terms of single-particle level density
Nα =
∫ Eα
F
−∞
gα(E)dE, Nα = {N,Z}. (12)
Therefore, the crucial role of the single-particle potential
in the asymptotic level density parameter motivated us
to investigate the effects of the single-particle potential
description to predictive power of the semi-classical level
density model. For this purpose, we consider eight differ-
ent combinations of various single-particle potential terms
and analyze the results in the view of agreement between
their predictions and observations.
3 Goodness-of-fit Estimators
Phenomenological level density models have been needed
to agree with two observable, which are average resonance
spacings and discrete level schemes. One can test the re-
liability of the level density models with the aid of these
observable. In this study, we have calculated the rms devi-
ation factor of the mean resonance spacings for 289 nuclei,
which exist naturally on Earth, and their experimental av-
erage resonance spacing data are available. However, the
average goodness-of-fit estimator of discrete levels for 1136
nuclei, which have sufficient information on the discrete
energy level scheme. The goodness-of-fit estimator χ2 for
average resonance spacings has been minimized to follow
as
χ2D,i =
(
Dtheo0,i −Dexp0,i
Derr0,i
)2
, (13)
where the index i indicates the nucleus. Dexp0,i and D
err
0,i
are respectively experimental data and the uncertainty of
the average resonance spacing which its theoretical pre-
dictions are obtained from the equation below
1
Dtheo0
=
J=I+ 1
2∑
J=|I− 1
2
|
ρ(Sn, J,Π). (14)
Unlike the average resonance spacings, goodness-of-fit es-
timator for discrete levels has no experimental error in the
cumulative level scheme and is given by
χ2lev,i =
Ni
U∑
k=Ni
L
[
N icum(Ek)− k
]2
k
. (15)
Here, k represents the sum over the discrete levels and
the cumulative number of levels Ncum up to an excitation
energy E is calculated from
Ncum(E) = NL +
∫ E
EL
ρtot(Ex)dEx. (16)
These estimators allow us to test the agreement between
our predictions and experimental data besides making com-
parisons with the results of the other level density mod-
els. The rms deviation factor of mean resonance spacings,
which is defined as for all N nuclides reads
frms = exp

 1
N
N∑
i=1
(
ln
Dtheo0,i
Dexp0,i
)2
1/2
(17)
and the average goodness-of-fit estimator for discrete lev-
els is
flev =
1
N
N∑
i=1
Ni
U∑
k=Ni
L
[
N icum(Ek)− k
]2
k
. (18)
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4 Single-Particle Potentials
In our recent work [12], we have calculated the nuclear
level density parameter by using the semi-classical ap-
proximation with the single-particle potential consists of
harmonic oscillator and central potential terms and also
Coulomb potential for protons. That study [12] leads us to
investigate the single-particle potential’s role of choosing
the best agreement for each nuclei in level density calcula-
tions. In this study, we used various single-particle poten-
tial terms, which are central, harmonic oscillator, Woods-
Saxon, Coulomb, and spin-orbit potentials. We have con-
sidered eight different combinations constructed from these
single-particle potential terms:
V (r) = Vcentral(r) + Vmain(r) + VCoulomb(r) + VSO. (19)
The central potential is taken into account for all potential
combinations and is given by the equation below
Vcentral(r) = ~
2l(l + 1)/2mr2 (20)
where l is the angular momentum. Also spin-orbit poten-
tial, which is very important for the structure of the single-
particle states near the Fermi surface, is considered in all
combinations and usually reads [22]
VSO(r) = λ
1
r
dV
dr
(l · s). (21)
where λ ≈ −0.5 fm2. However, using harmonic oscillator
potential leads a constant spin-orbit term. Therefore, we
prefer here a radius-independent form given as [30],
VSO = C~
2(l · s) (22)
for all combinations in order to ensure consistency. The
constant C for spin-orbit potential is typically in the range
of −0.3 to −0.6MeV/~2. We take C = −0.3MeV/~2 in
our calculations, arbitrarily.
As the main potential, we used harmonic oscillator
(HO) or Woods-Saxon (WS) potential both in their spher-
ical and deformed forms. The HO potential, which has
a very convenient form for analytical calculations, is de-
scribed as follows
VHO(r) =
1
2
mω2r2 − V0 (23)
where ω is the oscillator frequency, and it has been gener-
ally parameterized as 41/A1/3. The depth of the potential
well, V0, is taken as 50MeV [27]. These parameters are
chosen to represent only the common properties of the
nuclei because the other effects like shell and pairing cor-
rections will be applied to Fermi energy explicitly as in Eq.
(10). In order to deal with the deformation of the nucleus,
anisotropic harmonic oscillator
V defHO (x, y, z) =
1
2
m(ω2xx
2 + ω2yy
2 + ω2zz
2)− V0 (24)
is employed. When z-axis is chosen as symmetry axis, one
can define the oscillator frequencies for axially symmetric
shapes in terms of the deformation parameter δ
ω2⊥ = ω
2
x = ω
2
y = ω
2
0(δ)(1 +
2
3
δ) (25)
ω2z = ω
2
0(δ)(1−
4
3
δ).
ω0(δ) is obtained by using the volume conservation and
reads
ω0(δ) = ω0
[
1− 4
3
δ2 − 16
27
δ3
]−1/6
(26)
where δ is related to β in Eq. (5) as follows [22]:
β ≈ 1
3
√
16pi
5
δ ≈ 1.057δ. (27)
The other option for the main potential is the WS poten-
tial, which is a more realistic description compared to HO
meanwhile to use WS in calculations causes some difficul-
ties due to the inability to obtain analytical solutions. The
WS potential is written as
VWS(r) = − V0
1 + exp
(
r−R
a
) . (28)
V0, R and a are depth, radius and diffuseness parameters
of the potential well, respectively. In this study, potential
well depth is taken as 50MeV to be consistent with the HO
potential, and radius is defined as R = r0A
1/3 where r0
equals 1.25 fm. Also, diffuseness parameter of the potential
well is used as 0.5 fm in calculations. For WS potential, the
deformation can be included in the parameter R as
R(θ, φ) = (r0A
1/3)
[
1 +
∑
λ
∑
µ
aλµYλµ(θ, φ)
]
, (29)
related to deformation parameter as β2 =
∑
λ
∑
µ |aλµ|2
[18]. Therefore, WS potential for the deformed nuclei is
expressed as follows:
V defWS (r, θ, φ) = −
V0
1 + exp
(
r−R(θ,φ)
a
) . (30)
Furthermore, the potential combination consisting of
the central and spin-orbit potential terms and the selected
main potential is complemented with Coulomb potential
for protons to investigate Coulomb interaction on the level
density parameter. Under the assumption that nucleus is a
uniformly charged sphere, the Coulomb potential is given
by
VC(r) =


Ze2
2RC
(
3− r
2
RC
2
)
r ≤ RC
Ze2
r
r ≥ RC
(31)
where RC is charge radius and is taken asRC = 1.169A
0.291
from a recent fit [31] to the latest nuclear charge radii data
[32].
B. Canbula et al.: Effects of single-particle potentials on the level density parameter 5
Table 1. (Color online) Goodness-of-fit estimator values for various potential combinations and comparison with previous
results.
Model Potential Terms frms flev Reference
Model 0 • Local Selections 1.30 1.00 This work
Model 1 • Central + SO + HO 1.63 1.91 This work
Model 2 • Central + SO + HO + Coulomb 1.51 1.32 This work
Model 3 • Central + SO + WS 2.06 1.65 This work
Model 4 • Central + SO + WS + Coulomb 2.11 1.70 This work
Model 5 • Central + SO + Deformed HO 1.66 1.71 This work
Model 6 • Central + SO + Deformed HO + Coulomb 1.55 1.31 This work
Model 7 • Central + SO + Deformed WS 1.74 1.62 This work
Model 8 • Central + SO + Deformed WS + Coulomb 2.24 1.80 This work
Central + HO + Coulomb 1.53 1.32 [12]
HO 1.12 43.9 [13]
HO + Coulomb 1.16 42.6 [13]
However, one would note that the first single-particle
level has never been in the bottom of the potential well,
and this situation should be considered when calculating
the Fermi energy level. Therefore, the contribution from
the interval between the bottom of the potential well and
the first single-particle level with the lowest energy should
be zero in the integral (12). The value of the first single-
particle level is well known for the HO potential but to
make a similar prediction for WS potential might be dif-
ficult. So, considering that the total depth of the well is
approximately equal to the sum of the Fermi energy and
binding energy [27], to determine a value for this interval
is a reasonable correction which has applied as first 8MeV
for the WS potential.
5 Results and Discussion
Using the single-particle potential terms given in Section
4, we define eight different combinations, which are la-
belled as Model 1 to 8. Table 1 includes these model defini-
tions with their frms and flev values, which are calculated
for 1136 nuclei using Eqs. (17) and (18), respectively, and
also shows the results of our preceding studies [12,13].
The unique difference between Model 2 and the single-
particle potential used in Ref. [12] is the spin-orbit term,
which improves the predictive power of the model. When
this model compared our another study [13], two remark-
able differences exist in model definitions. In this study,
we replace the simple description (RC = 1.2A
1/3) of the
charge radius with an expression obtained in a recent fit
[31], and also use Laplace-like formula instead of well-
known Ignatyuk’s formula [33] for level density parameter.
These modifications lead to a significant improvement in
the agreement between the predicted cumulative number
of levels and the observed number of excited levels.
As the model predictions are compared with each other,
Model 2 gives the most accurate model for the entire mass
range. Moreover, it can be seen that HO based models are
more predictive than WS based models, but among them
only Model 7, which takes into account the deformation of
the nucleus, is comparable with HO based models. It is an
unexpected result because WS potential is more realistic
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Fig. 1. (Color online) The local selections of the single-particle
combinations. The upper panel includes 289 stable isotopes
while the lower panel includes 1136 isotopes. Cyan, yellow,
magenta, black, green, purple, orange and gray colored dots
donate Models 1 to 8, respectively. The magic numbers are
shown with grid lines.
than HO potential. This fact led us to a further analysis.
On the other hand the comparison between these eight
models only gives a general idea about their success to
describe the common properties of the most of the nu-
clei. But in the case of the extrapolation to certain mass
regions, especially near the driplines, this point of view be-
comes deficient. Therefore, testing the predictions of the
global potential parameterizations locally for each nuclei
might be the only useful method to conclude that which
potential model is suitable to extrapolate outside the cer-
tain mass regions.
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Table 2. Details of the selections of Model 0. The first line represents 289 stable isotopes. The third line represents 1136
isotopes while the selections of the remaining 847 isotopes are given in the second line.
NoI NoI % NoI % NoI % NoI % NoI % NoI % NoI % NoI %
Model 1 Model 2 Model 3 Model 4 Model 5 Model 6 Model 7 Model 8
289 37 12.8 67 23.1 30 10.4 34 11.8 19 6.6 40 13.8 32 11.1 30 10.4
847 96 11.3 61 7.2 245 28.9 130 15.3 26 3.1 38 4.5 82 9.7 169 20.0
1136 133 11.7 128 11.3 275 24.2 164 14.4 45 4.0 78 6.9 114 10.0 199 17.5
Model 1+2 Model 3+4 Model 5+6 Model 7+8 Model 1+5 Model 2+6 Model 3+7 Model 4+8
289 104 35.9 64 22.2 59 20.4 62 21.5 56 19.3 107 37.0 62 21.5 64 22.2
847 157 18.5 375 44.2 64 7.6 251 29.7 122 14.4 99 11.7 327 38.6 299 35.3
1136 261 23.0 439 38.6 123 10.9 313 27.5 178 15.7 206 18.2 389 34.2 363 31.9
Model 1+2+5+6 Model 3+4+7+8 Model 1+2+3+4 Model 5+6+7+8
289 163 56.4 126 43.6 168 58.1 121 41.9
847 221 26.1 626 73.9 532 62.7 315 37.3
1136 384 33.9 752 66.1 700 61.6 436 38.4
NoI stands for number of isotopes.
Considering these two aspects, we define Model 0, which
consists of the local selections among the global parame-
terizations of Models 1-8. In Model 0, the selections have
been made to give the lowest χ2i contribution to global χ
2
values for the considered nucleus. Local model selections
chosen with this criterion are illustrated in the upper and
lower panels of Figure 1 for 289 and 1136 nuclei, respec-
tively. The local model selections of 289 stable isotopes
of the total of 1136 isotopes are shown explicitly in the
upper panel because of the interpretations about the sta-
ble isotopes might be completely different from the rest.
Consistent with the above discussion of Table 1, for stable
isotopes, most of the selections are in HO based models.
Models 2 and 6 are the almost only options in the heavy
mass, Z > 70, region. Therefore, it can be said that the
effect of the Coulomb interaction becomes indispensable
with the increasing proton number, specially in this re-
gion. Also in Z < 40 region, Model 2 selections are quite
intense compared to other models. However, in the case
of 1136 isotopes, a significant increase has been noted in
the number of selections of WS based models. These se-
lections are notably more abundant in the region covering
the exterior side of the island shown in the lower panel of
Figure 1.
On the other hand, quantifying the total numbers of se-
lections of models might be useful to conclude that which
model is better to extrapolate to far from stability. Table
2 shows this quantification. Besides Models 1-8, the cumu-
lative number of selections of models based on the same
kind of potential terms are also shown in Table 2. The
local selections of 289 stable isotopes, and the remaining
847 isotopes seem to be completely different from each
other. This issue is also emphasized in Figure 2. For 289
stable isotopes WS based models have been selected only
43.6 percent of total selections. However, for remaining
847 isotopes, selection rate increases to 73.9 percent. In
contrast to overwhelming superiority of Model 2, which
is clearly seen from Table 1, WS based models, especially
Model 3, seem to have had considerable success in de-
scribing the properties of the isotopes far from stability.
Moreover, in the case of 1136 isotopes, the total numbers
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Fig. 2. (Color online) The bar chart of the selections of Model
0. The color codes are the same as Figure 1 and Table 1.
of selections of WS based models are slightly greater than
that of HO based models. When the selections are ex-
panded from 289 isotopes to 1136, Model 2, which is the
most selected model, falls back to fifth place. Therefore,
it can be concluded that HO potential is very suitable for
describing the most of the nuclei, but some certain iso-
topes or mass regions can be described better with WS
potential. Nevertheless, WS potential is not suitable for a
generalization to the entire mass region, at least with the
potential parameters used in this work.
The asymptotic level density parameter values obtained
by using Models 1-8 are illustrated in Figure 3. The first
impression that emerges from Figure 3, for all models
there exists the downwards peaks around the closed shells
arising from the shell effects. However, there are also up-
wards peaks around the open shells only for Models 3 and
4 (WS based spherical models). In addition, the Coulomb
term seems to increase the depth and the height of these
peaks.
In Figure 4 the asymptotic level density parameter val-
ues of Model 0 are plotted. The color codes correspond to
the single-particle potential models used for calculating
the asymptotic level density parameter. Models based on
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Fig. 3. (Color online) The asymptotic level density parameter
values obtained by using eight different single particle potential
combinations for 1136 isotopes. Models 1 and 2 are given in the
first row, while Models 3 and 4 are given in the second row, and
Models 5 and 6 are given in the third row and finally Models 7
and 8 are given in the forth row from left to right, respectively.
The color codes are the same as Figure 1 and Table 1.
HO potential are selected only for the isotopes which are
weakly influenced by the shell effects. This situation is
also consistent with the issue which is mentioned above
in the discussion of Figure 1 as well as Table 2. However,
Model 6 has been selected around the closed shell near the
mass number A equal to 208, this contradiction is caused
by the fact that the demand to select the model which
gives the deepest peak in this region. Similarly, around
the open shells, the selections have been a model includ-
ing Coulomb term but this time it is Model 4 or 8, which
gives the highest peak in these regions. Therefore, it can
be concluded from Figure 4 that it is essential to consider
Coulomb interaction for the isotopes around both closed
and open shells.
Finally, Figure 5 represents the asymptotic level den-
sity parameter values for nuclei, which are known as su-
perheavy elements, in the mass region Z > 100. The upper
panel includes the comparison between Models 5 and 6 to
discuss the effect of Coulomb term in this mass region. It
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Fig. 4. (Color online) The asymptotic level density parameter
values obtained by using Model 0, which is the local selections
of the global parameterizations of Models 1-8. The color codes
are the same as Figure 1 and Table 1.
can be clearly seen that Coulomb term has an inhibitory
effect on the asymptotic level density parameter for the
increasing proton numbers. To discuss the effect of the
deformation, the comparison between Models 3 and 7 is
given in the lower panel. The values resulting from Model
7, which is the deformed version of Model 3, are slightly
greater than the predictions of Model 3. On the other
hand, one can easily say that the asymptotic level density
parameter tends to reach a limit value with the increasing
mass number.
To extract the asymptotic value of the level density
parameter for a certain superheavy nucleus, one can eas-
ily use the conservation condition (12) with the selected
single particle potential and compute the Fermi energy.
Thus, asymptotic level density parameter can be calcu-
lated by using Eq. (10), which also includes the shell and
pairing corrections. While the pairing correction energy
can be calculated from its traditional definition (see the
text after Eq. (10)), the calculated shell correction en-
ergies with the liquid drop model [18] by using the pa-
rameter values as in Ref. [19] are given in Figure 6. As
expected, a strong correlation between a˜ and S(N,Z) val-
ues is observed from Figs. 5 and 6. Therefore, a reliable
extrapolation to the nuclei far from stability requires both
a well-defined single-particle potential and a parameter
set for liquid drop model. Because of the fact that the
energy dependence of the level density parameter is com-
pletely defined by the collective amplitude Ac, deforma-
tion parameters are required for both obtaining a(U) and
an asymptotic value of the level density parameter with
deformed single-particle models. The calculated values of
the deformation parameters with Finite Range Droplet
Model [34] are used for nuclei where experimental infor-
mation is not available.
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Fig. 5. (Color online) The asymptotic level density parameter
values for superheavy nuclei, which have atomic number Z >
100. The upper and lower panels represent the comparisons
between Models 5 and 6, and Models 3 and 7, respectively.
The color codes are the same as Figure 1 and Table 1.
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Fig. 6. The shell correction energies for superheavy nuclei.
The liquid drop model parameters are taken as in Ref. [19].
6 Conclusions
Summarizing, the effect of the single-particle potential
terms, which are central, spin-orbit, harmonic oscillator,
Woods-Saxon and Coulomb potential, both for spherical
and deformed cases, on the level density parameter was
investigated by examining the local success of the global
parameterizations of eight different combinations of these
terms. In the light of above discussions, the following con-
clusions can be drawn from this study:
(i) Model 2, which is the sum of the central, spin-orbit,
harmonic oscillator and Coulomb potentials, gives
the most accurate predictions compared to experi-
mental data.
(ii) The local selections of the global parameterizations
indicate that the single-particle models, which are
based on Woods-Saxon potential as the main term,
are more suitable candidates than the models based
on harmonic oscillator potential to extrapolate away
far from stability.
(iii) It is seen from the investigation of the asymptotic
level density parameters obtained from the local se-
lection that the contribution of Coulomb interaction
is not ignorable both around the closed and open
shells.
(iv) Finally, for the exotic and superheavy nuclei, which
have not any experimental information to adjust the
level density parameters, the single-particle potential
consists of the central, spin-orbit, Woods-Saxon, and
Coulomb potential terms is the most reliable poten-
tial model to calculate the asymptotic level density
parameter.
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